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Abstract

Many applications of regression models involve ordinal categorical predictors.
Two common approaches for handling ordinal predictors are to form a set of
dummy variables, or employ a two stage approach where dimension reduction
is first applied and then the response is regressed against the predicted latent
indices. Both approaches have drawbacks, with the former running into a
high-dimensional problem especially if interactions are considered, while the
latter separates the prediction of the latent indices from the construction of
the regression model. To overcome these challenges, a new approach called
the LASSO on Latent Indices (LoLlI) for handling ordinal predictors in re-
gression is proposed, which involves jointly constructing latent indices for
each or for groups of ordinal predictors and modeling the response directly
as a function of these. LoLI borrows strength from the response to more
accurately predict the latent indices, leading to better estimation of the cor-
responding effects. Furthermore, LoLl incorporates a LASSO type penalty
to perform hierarchical selection, with interaction terms selected only if both
parent main effects are included. Simulations show that LoLI can outperform
the dummy variable and two stage approaches in selection and prediction
performance. Applying LoLlI to an Australian household-based panel identi-
fied three dimensions of psychosocial workplace quality (job demands, stress,
and security) which affect an individual’s mental health in an additive and
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1. Introduction

Many applications of regression models involve ordinal categorical pre-
dictors. For instance, this article is motivated by the Household Income and
Labour Dynamics in Australia (HILDA) survey, a nationally representative
panel study that has collected data annually in Australia since 2001 (Watson
and Wooden, 2012). Among other data collected, individuals are asked about
their overall mental health and to respond to a series of statements concern-
ing their current workplace situation e.g., “I have a lot of choice in deciding
what I do at work”. For each statement, the individual provides an ordinal
rating or score from 1 (“strongly disagree”) to 7 (“strongly agree”). One of
the aims of the HILDA survey is to improve understanding of how various
aspects of an individual’s workplace quality contribute their overall mental
well-being. For instance, having both a lack of job security and increased
job stress/strain may compound and lead to a stronger detrimental effect on
mental health than just having either aspect on its own (e.g., Butterworth
et al., 2013; Milner et al., 2015, 2016).

1.1. Main Modelling Challenges For Ordinal Predictors

How to handle (a potentially large number of) ordinal predictors is a
common challenge in regression modeling. If the number of levels (7 in the
case of the HILDA survey) is large for each ordinal predictor, and there
is a-priori knowledge regarding the distances between levels, then it may
be possible to use the raw ratings from the ordinal data (or some simple
monotone transformation of it) as actual scores and model them as values
from a continuous predictor (see for instance, Agresti, 2013). However, in
many cases such a direct score-based approach may not be appropriate e.g.,
in the HILDA survey, treating the score as a continuous predictor would
mean that the distance between any two consecutive scores is the same, but
there is no underlying reason why this should be the case. Instead, the two
most popular approaches for handling ordinal predictors are as follows: 1)
treat each ordinal predictor as a factor variable using (for example) a set of
dummy variables; or 2) use a two stage approach where dimension reduction
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is first applied on the ordinal predictors (e.g., factor analysis Bartholomew
et al., 2011), and then include the predicted indices as continuous covariates
in a regression model in the second stage.

The first approach can often result in a high-dimensional problem, es-
pecially if we include interactions in the model. The problem of high-
dimensionality is frequently encountered in regression modeling, and has
spurred considerable research into penalized likelihood methods (among other
approaches) for variable selection, including penalties which respect the hi-
erarchical structure of the predictors in various modeling contexts; see for
example (Zhao et al., 2009) for generalized linear models, (Hui et al., 2017)
for selection in generalized linear mixed models, and Tutz and Gertheiss
(2016); Pauger et al. (2019) for categorical data. More recently, prompted
by interest in uncovering epistatic effects in genome wide association stud-
ies, there has been a further surge in interest on penalties which obey some
form of marginality principle (e.g., Bien et al., 2013; Haris et al., 2016; She
et al., 2016; Yan and Bien, 2017). While these approaches are capable of
selecting from a large number of categorical variables and their interactions,
they are perhaps not the most appropriate methods for handling the ordinal
predictors in our setting. This is because the statements regarding workplace
conditions in the HILDA survey are thought of as manifestations of latent
indices related to various aspects of job quality (Leach et al., 2010). In turn,
it is more sensible and appealing to explicitly construct these indices and
enter these, instead of the ordinal variables, as covariates into a regression
model.

This leads to the second commonly used approach for handling ordinal
predictors, which first involves fitting latent variable models to the ordinal
predictors (e.g.,typically the ordinal ratings in the HILDA survey are treated
as continuous and factor analysis is applied, Leach et al., 2010; Butterworth
et al., 2011), and then regressing the responses against the predicted latent
indices; other approaches such as optimal scaling (Linting et al., 2007) could
also be used in the first stage. This two stage approach though does have
potential drawbacks. Notably, it fails to utilize the information from the
response to better predict the latent indices for each individual. Indeed, by
definition latent variable models can only be fitted to more than one manifest
(ordinal) predictor, and yet it is common to have cases where we wish to
construct a continuous latent index from just a single ordinal predictor e.g., in
the HILDA survey there is one particular statement on workplace conditions
which has been argued to constitute its own latent dimension on job quality
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(Butterworth et al., 2011; Milner et al., 2016).

1.2. A New Approach and Main Contributions

We propose a new method for the analysis of ordinal predictors in regres-
sion models called the LASSO on Latent Indices (LoLI), which is motivated
by the challenges of the dummy variable and two stage approaches discussed
above. The key innovation of our method is to jointly construct a continu-
ous latent index for each or for groups of ordinal predictors, and model the
response directly as a function of these (and other predictors if appropriate)
including potential pairwise interactions. This joint approach means LoLI
can borrow strength from the response to more accurately predict the la-
tent indices i.e., the scores for each individual, which in turn produces better
estimation and inference on the corresponding regression coefficients. To per-
form selection on main and interaction effects between the latent indices, a
LASSO type penalty is employed which accounts for the hierarchical nature
of the coefficients. That is, the penalty ensures that whenever an interaction
term is selected, both its parent main effects must also be included in the
model.

Due to the construction of latent indices, LoLI does not require compli-
cated group sparsity penalties to handle dummy variables. Put another way,
compared to treating the ordinal predictors as factors, the dimensionality of
the problem is already markedly reduced before any variable selection is per-
formed. Alternatively, LoLI can be viewed as type of a penalized regression
model with unknown latent scores assigned to the levels of ordinal predictors,
except that the scores are observation-specific (in contrast to, say, Row-by-
Column association models where the scores are the same across observations;
see Section 6.3, Agresti, 2010).

We emphasize that LoLI is an alternative approach to the construction
of dummy variables for handling ordinal predictors, and is ideally suited to
settings where there is some scientific belief that the ordinal predictors are
manifest variables of some underlying continuous index e.g., in our motivat-
ing HILDA survey. There are many other contexts where such a belief may
not apply e.g., highest level of education attained with levels “no completion
of high school”, “high school”, “vocational certificate”, and “undergradu-
ate degree or above”, where indeed it may be better to analyze the ordinal
predictor via the dummy variable approach.

We propose an efficient two-step estimation approach for calculating the
LoLI estimates, which first involves estimating cutoff parameters (which re-

4
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late the observed ordinal predictors to the latent indices) by fitting marginal
ordinal regression models to the ordinal predictors. Conditional on these
estimates, we apply a Monte-Carlo Expectation Maximization (MCEM) al-
gorithm (Wei and Tanner, 1990) to predict the latent indices and estimate
and perform selection on all other parameters. We show that this two-step
approach produces consistent estimates of the cutoffs. Regarding the choice
of the tuning parameter, we adapt the Extended Regularized Information
Criterion (Hui et al., 2015; Fu et al., 2017) for use with LoLI. This crite-
rion uses a dynamic model complexity penalty that depends on the tuning
parameter itself, resulting in more aggressive shrinkage and often to better
finite sample selection performance than other commonly used criteria such
as AIC or BIC.

Simulation studies show that LoLI can outperform dummy variable and
two stage approaches for handling ordinal predictors, in terms of estimation
and selection performance as well as predicting the latent indices. Apply-
ing LoLI to the motivating HILDA survey, and adjusting for potential con-
founders such as age and gender, we identify three dimensions of workplace
quality which affect an individual’s mental health in an additive manner:
job demands/complexity /interest, job stress/strain, and job security. Fur-
thermore, we found evidence that having both increased job interest and
increased job security had an effect on mental well-being that was greater
than each aspect of job quality on its own i.e., a positive interaction between
these two latent indices.

The remainder of the manuscript is structured as follows. In Section 2,
we establish the latent indices models and subsequently define the Lasso on
Latent Indices (LoLI). In Section 3, we detail our two-step estimation ap-
proach for LoLI and discuss how to choose the tuning parameter using a new
information criterion. Section 4 presents a numerical study which shows that,
by jointly constructing the latent indices and building the regression model,
LoLI can outperform dummy variable and other two stage approaches in se-
lecting and/or predicting the latent indices. In Section 5, we illustrate the
application of LoLI on the motivating HILDA survey, including its ability to
straightforwardly investigate interaction effects between different dimensions
of job quality. We conclude with a discussion of areas of future research in
Section 6. We provide R code for implementing LoLI as part of the Support-
ing Information.
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2. The LASSO on Latent Indices

Consider a set of ¢« = 1,...,n independent observations, consisting of a
univariate continuous response ¥;, a g-vector of predictors z; that will not be
dimension reduced, and a p-vector of ordinal predictors @; = (z;1, ..., )",
such that z;; can take values 1,..., L;. In this article, we focus on the case
where both p and ¢ are less than n, given this is the setting most relevant to
the motivating HILDA survey (see Section 5). We acknowledge that future
research may be required to handle situations where p and/or ¢ exceed n.

Conditional on the predictors, we assume y; (or some suitable transfor-
mation of it) is normally distributed with mean pu; as specified below in
equation (1) and variance o?. We focus on estimation and inference of the
main effects and possible pairwise interactions between the ordinal predic-
tors. For ease of presentation, we assume there are no interactions between
z; and x;, although the developments below can be extended to handle such
interactions.

As reviewed in Section 1.1, one possible approach is to set up a (L; —1)-
vector of dummy variables for each ordinal predictor and fit a linear model
to these. However, this can lead to a high-dimensional regression model:
if z; involves only an intercept, then there are diy = 1+ 37 (L; — 1) +
> i<icr<p(Ly — 1)(Lx — 1) coefficients present. Even if n > p, it could be
that dpy > n and thus the coefficients cannot be estimated by standard
regression techniques. To overcome this, the principle behind LoLI is to
jointly construct a latent index for each or for groups of ordinal predictors
and build a regression model directly from these indices. We first discuss the
limiting case of LoLI with a separate latent index for each ordinal predictor,
and then discuss the case for groups of ordinal predictors in Section 2.1.

For j = 1,...,p, define a vector of cutoffs {;p = —c0o < §;; =0< ... <
§L,—1 < &j,r, = 00, and a continuous latent index u;; where &;; 1 < ug; < &y
if and only if z;; = [ for L = 1,..., L;. Analogously to cumulative link models
for ordinal responses, it is common toset {;; = O forall j = 1,...,p to ensure
the parameters are identifiable (Agresti, 2010). Letting w; = (w1, ..., u;p) "
denote the p-vector of latent indices for observation ¢, the conditional mean
of the response is regressed against these latent indices as

B(yilzi,wi) = pi = 2/ a+u B+ Z Wi Uik Yk (1)
1<j<k<p

where the vectors a and (3 are the regression coefficients corresponding to

6
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z; and the main effects for the latent indices, respectively, and -, is the
interaction coefficient between latent indices 7 and k. Compared to using
dummy variables, we see that by modeling the conditonal expectation in
terms of latent variables, the number of coefficients to estimate and select
from is substantially reduced: if z; involves only an intercept, then dy 1 =
1+p+2'p(p —1) < dpym with the difference depending on the L;’s. Also,
with continuous latent indices we are not limited to just linear terms, and
may wish to include polynomial or smoothing terms for u,; depending on the
question of interest. For simplicity though, in this article we focus on the
model as defined in equation (1). Also, with the inclusion of »7_, (L; — 2)
free cutoff parameters, the total number of parameters to estimate may still
be quite high. But the key point is that the number of parameters involved
in the regression component of the model is markedly reduced.

For observation i and ordinal predictor j, define xj; = (7, ..., 7} )7,

J
where z7;,; = 1 if x;; = [; for l; = 1,...,L; and zero otherwise. Let ¥ =
(a", 87,47, 0% &/, ... ,£pT)T denote the full parameter vector, where v =

(7127 <oy Vipy V235 - - 7’}/(1)—1)p)—r and €j = (5]}27 s Jgj,Lj—l)T- The ma’rginal
log-likelihood for the latent indices model, with mean structure given by
equation (1), is defined as

n n L;
() =D (W) =) log /f(l/z|uz'> z,¥) [ [ f(@ilug, ®) f(ui;) dug
i=1 i=1 j=1 \I=1
n L;
= Zlog /f(?/i’ui, zi, ¥) H Hﬂ(éj,lfl < < fj,l)x:ﬂf(Uij) du,
i=1 j=1 \ =1

(2)

where f(y;|w;, z;, ) = N(u;, 02) is a normal density with y; given by equa-
tion (1) and variance o, f(u;;) is the (0, 1) density function, and we choose
f(x};|uig, ¥) to be the indicator function I(&j;1 < uy; < &), Using the
standard normal density for u,;; along with the suggested indicator function
is analogous to the latent variable parameterization for cumulative probit re-
gression (Agresti, 2010), and is a standard choice in item response and latent
variable models (Skrondal and Rabe-Hesketh, 2004). We can also replace the
indicator function with probabilistic choices; this is discussed in Section 2.1.
The assumption of zero mean and unit variance for f(u;;) ensures that the
parameters in the latent indices model are identifiable i.e., avoiding loca-
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tion and scale invariance. The assumption of independence between the w;;’s
could be relaxed to allow for correlated latent indices, although previous re-
search has shown that this assumption is not overly restrictive in practice,
and similarly that the normality assumption can be robust to misspecifica-
tion of the shape of the latent index distribution (Wedel and Kamakura,
2001); see also the relevant discussion in Section 6.

Equation (2) embodies the joint nature of LoLlI in that the latent indices
are simultaneously constructed from the @7;’s and used as covariates in the
regression model for the mean of ;. In doing so, we can borrow strength from
the latter in order to better predict the latent indices wu;; i.e., the scores for
each observation, which in turn should lead to better estimation and inference
of coefficients 3 and ;;’s. Indeed, this “limiting” case where each ordinal
predictor has its own latent index demonstrates the clearest advantage of
LoLI over two stage approaches: if we were to construct the latent indices
based solely on the xj;, then the predictions would still show the same degree
of discretization as the ordinal predictors. By borrowing information from
the (continuous) response, LoLI produces improved predictions of the u;;’s.

To perform variable selection on main and interaction effects associated
with the latent indices, we propose combining equation (2) with a LASSO
type penalty as follows.

DEFINITION 2.1. For a given tuning parameter A > 0, the LoLI (LASSO
on Latent Indices) method is defined by the penalized likelihood

P Jj—1 P 1/2
Coen(®) = (W) =X (wgﬂf ) wrilegl + Y wjk|%‘k|> ,
j=1 k=1

k=j+1

where {w; > 0;7 = 1,...,p} and {w;, > 0,5 = 1,...,p;k = 2,...,p} are
adaptive weights constructed a-priori to guide feature selection, and ((¥) as
defined in equation (2).

If the vector z; contains covariates that we wish to select on, then the
above penalized log-likelihood can be augmented with further penalties to
select on the elements of a. However, we do not consider this extension here
given that in the motivating HILDA survey the covariates z; are included to
adjust for potential confounding. Also, if we only consider a subset rather
than all possible pairwise interactions in equation (1), then the penalty in
Definition 2.1 can be modified to accommodate this setting.



238

239

240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

LoLI formally accounts for the hierarchical structure of the coefficients by
enforcing two types of sparsity. For latent index j = 1,...,p, we first impose
individual coefficient sparsity in the form of an adaptive LASSO penalty
(Zou, 2006) on all associated interaction effects. This means interaction terms
between two latent indices can be removed from the model without affecting
selection of the parent main effects. Second, we impose group coefficient
sparsity in the form of the group LASSO penalty (Yuan and Lin, 2006),
which encourages the entire quantity w;/3? + 3 "7_} wyj|ve;| + > heje1 Wikl ikl
to be shrunk to zero. This implies that if either one of the parent main effects
for a latent index is shrunk to zero, then any child interaction term must also
be shrunk to zero. The proposed penalty in Definition 2.1 is by no means
the only way of constructing penalties that respect this hierarchical nature
of the coefficients. For example, we could have implemented various flavors
of the family of composite absolute penalties (CAP, Zhao et al., 2009), and
indeed the proposed penalty can be regarded as a specific case from the CAP
family. Importantly, the innovation of LoLI lies in the construction of the
latent indices and the regularization of the corresponding coefficients, rather
than in the penalty itself.

As an aside, it is possible to use other approaches to perform the model
selection instead e.g., using information criteria for comparing candidate la-
tent indices models. We prefer a regularization approach as it is both more
computationally efficient (it simplifies the choice of model selection from a
discrete space to a one-dimensional search along a continuous solution path
dictated by A, and allows us to make use of warm starts for both the parame-
ter estimates and the latent indices), and tends to be more stable (prediction
of the latent indices occurs in a “smooth” manner as the tuning parameter
varies, in contrast to approaches such as information criteria where the latent
indices are re-predicted for every candidate model).

We construct the adaptive weights in Definition 2.1 from a fit of the
saturated model. Specifically, let B and ~ denote the vectors of main and
interaction effect coefficients, respectively, obtained based on maximum like-
lihood estimation of the unpenalized model. Then we set w; = B]_ 2 and
wjr = |Y|7" as the adaptive weights. We remark that the construction
of the adaptive weights for LoLlI is relatively stable precisely because, as
pointed out in Section 1, we have substantially reduced the dimensionality
of the problem before any variable selection is performed. At the same time,
in practice it is possible for potential instability to still arise particularly if
the number of latent indices is large relative to the number of observations,

9
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and may motivate other methods of constructing the adaptive weights (e.g.,
Garcia and Mueller, 2016).

2.1. Groups of Ordinal Predictors

Suppose now we want to construct a single latent index for groups of
ordinal predictors, but with different cutoffs for each predictor. Such cases
commonly arise in item response theory, where a group of ordinal predictors
are believed to all correspond to the same latent quantity. Let the p predictors
be a-priori divided into G < p non-overlapping groups, such that A, denotes
the set of predictors in group g = 1,...,G with dimension 1 < p, < p, and
Zle pg = p. Then the latent indices model involves G latent indices and
their interactions such that equation (1) is modified to u; = 2/ a + u; B +
D <gen<g WiglinYgn Where w; = (g1, ... uiq) " and B = (B, ..., Be)". The
penalized likelihood for this particular model is then given by e, (¥) =

G 9 g—1 G 1/2
() — A 29:1 (wgﬂg + 2 h1 Who|Vhgl + Zh:g—O—l wgh|79h|> , where ((¥) =
Sy log { it 2 ) TTG (Tjea, T F@hluig, @) f (i) duy )} We

consider two possible choices for the conditional distribution f(x};[u,, ¥):
if py = 1, then we set f(z};|uig, ¥) = L(&1-1 < uiy < &), This is con-
sistent with the limiting case in equation (2). If p, > 1, then we propose to
use f(x7;|uig, ¥) = {® (51 — ajuig) — P(&-1 — ajuig) }it, where ®(+) is the
cumulative density function of the standard normal distribution, and a; is
an additional covariate specific slope parameter controlling the “discrimina-
tion” between the various levels of the ordinal predictor (Samejima, 1969).
The use of soft probabilistic differences, as opposed to hard indicator func-
tions when p, = 1, is motivated from graded response models (Samejima,
1969) which model the conditional distribution of the ordinal variables using
differences in cumulative probabilities when groups of the ordinal variables
are reduced to the same latent index. It is also possible to use alternative
link functions such as the logit, but given the latent index is assumed to be
normally distributed, then it is more natural to use the probit link. More
importantly, note the joint construction and regression of latent indices mean
LoLI continues to have the advantage of being able to borrow strength from
y; to better predict the w;4, which in turn to lead to better inference on f,
and ygp.

For the remainder of this article, unless stated otherwise, we will focus
on the general formulation of LoLI given by Definition 2.1 i.e., where each

10
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ordinal predictor has its own continuous latent index.

3. Estimation

We propose a two-step estimation approach to calculate estimates for
LoLI. First, we fit a series of marginal regression models using the ordinal
predictors as the response to obtain estimates of the cutoffs (&, ... ,E; )T
Conditional on these cutoff estimates, we then estimate the remaining pa-
rameters and perform variable selection on the coefficients using an MCEM
algorithm. A similar estimation method can be formulated for the case of
groups of ordinal predictors in Section 2.1, with the additional complica-
tion that we also estimate the slopes (ay,...,a,)", and we provide details
for this in Appendix A.3. Our proposed two-step estimation method bears
similarities to other two-step estimation procedures commonly used in factor
analytic models (e.g., Lee et al., 1995) as well as copula-based models (e.g.,
Joe, 2005).

3.1. Marginal Cumulative Probit Regression Models

To estimate of the cutoff parameters, which we denote as Ej for j =
1,...,p, we fit a marginal cumulative probit regression model to each ordinal
predictor.

n L,
§; =arg ”}ﬁXZ log / [Tt < wiy < &% fluiy) duy
7= =1

n Lj
= arg msaxz Z zilog {P(&j1) — ©(§50-1) 1}

i=1 [=1

Such cumulative probit models are straightforwardly fitted via maximum
likelihood estimation, and in fact analytical solutions can be derived based
on the cumulative frequencies of the levels of each ordinal predictor; see Ap-
pendix A.1 for details of these solutions. On the other hand, formulating
the problem in terms of multinomial log-likelihood estimation as above di-
rectly facilities theoretical investigation. Specifically, in Appendix A.1 we
show that the cutoffs based on fitting the marginal regression models above
are consistent for the true cutoff values. Intuitively, this is because the con-
ditional distribution of the response depends on the latent indices only and
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not the cutoffs. Therefore, y; does not provide any direct information regard-
ing the §;’s and we can achieve reasonable estimates using only the ordinal
predictors. Such a result can be used to further prove, under mild regularity
conditions on the likelihood function in equation (2) and the tuning param-
eter, that all parameters in W are consistently estimated by the two-step
procedure.

3.2. Monte-Carlo Expectation Maximization Algorithm

To calculate the remaining LoLl estimates, we employ a MCEM algo-
rithm with an importance sampling algorithm to perform the E-step. The
unpenalized complete log-likelihood for the latent indices model is given by

(,(W,u) = Zﬁci(\Il,ui)

2
1 - n
= —§nlog(02) — (20%)71 Z (yZ —zla—u B - Z uijum%‘k>

=1 1<j<k<p
—I—ZZZxUllog{H i1 < Ui < SJZ } — —Zu u;,
=1 j=1 [=1
where f(u;) = [[]_, f(ui;) is the N,(0,I) density, and terms constant with

respect to W are dropped. In practice, one could add a small amount € > 0 to
the third term e.g., log {I( _jl 1 <y < Ejz + €} so that (.(¥,u) remains
finite for all u. However, as we shall see below our proposed importance
sampling algorithm for the E-step ensures that T(¢, st < ug < f ) =1is
always satisfied for every j. For fixed A\ and a set of adaptive Welghts, the
MCEM algorithm involves iterating between the following two steps until
convergence. At iteration t, suppose we have estimates WO, In the E-step,
we calculate the expectation of the complete log-likelihood with respect to the
conditional distribution of the latent indices, also known as the () function,
QE|TW) = [(,(F,u)f(uly,z,z*, ¥D)du. In the M-step, we obtain an
updated estimate W+1 that maximizes (or at least leads to an increase in)
the function

» 1/2
Q(T|w) )‘Z <w152+zwkmm|+ > wa‘khjk’) :

k=j+1
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To perform the E-step, we propose using importance sampling. Specifi-

cally, for eachi = 1,...,n, suppose we obtain M samples {u]"* = (uj}, ..., up);m =

1,..., M} from a proposal distribution h(w;). For all the simulations and ap-
plications later on, we used M = 1000. Then we approximate the ()-function
as

QT &™) ZZ vl (2, ), (3)

i=1 m=1

where

Flslu?, 2, ®O) T flatfu, O f(ur Y (u) !

Jj=1

g

We propose sampling from a truncated multivariate normal distribution as
follows. Let TN ,(p, A, a, b) generically denote the truncated p-dimensional
multivariate normal distribution with location vector wu, covariance matrix
A, and a and b are the vectors of the lower and upper truncation points
respectively. Then we use

M) = TN, (S8 (y: - 27 a),£0,¢_,C. ), (4)
where ﬁ](t) = (L, + (6™)"28M(BM)T)~1 I, is the identity matrix of dimen-
Z Lo =
sion p, ¢_ (Zz 1 lelgl,l—lv . -7_25:1 xiplgp,l—l)a and
¢, = (21:1 ki Zlepl x7,6,1). There are three connected advantages

for using the above as the proposal distribution: 1) suppose all the interac-
tion terms between the latent indices are zero for all j and k. Then applying
straightforward algebra to the complete log-likelihood £.(¥, u), we can show
that f(uly, z, z*, \il(t)) is exactly equal to equation (4) and the E-step col-
lapses to directly sampling from the conditional distribution. This result,
namely that an exact conditional distribution to sample from can be ob-
tained, relies on the assumption of normality for the latent indices, and indeed
is an additional advantage of assuming the u;;s are normally distributed.; 2)
in many applications of LoLI, we expect the true interactions to be sparse
i.e., most elements of v are equal to zero. In such cases, even though equa-
tion (4) is not exactly equal to f(uly, z, *, \il(t)), it should still be a relatively
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good approximation; 3) it is clear from the complete log-likelihood ¢.(¥, u)
that the conditional distribution of the latent indices, f(uly, z, z*, ¥®), is
bounded above and below by ¢ 4 and ¢_ respectively. Therefore, it is sen-
sible to choose a proposal distribution whose support coincides with that of
the conditional distribution, rather than a proposal distribution defined on
R? (say). Indeed, using equation (4) simplifies calculation of the importance

Welghts to szn = f(yl|u:n7 Zi, ‘i,(t))f(u;’n)h(um)—l (er\r/{zl f(yzlu:n? Ziy \il(t))f(u:n)h(u

)

since H§=1 (@ ui, o) = H§=1 HZL:]1 I (fj,l—l < U5 < fj,z)xijl =1 by defi-
nition of the proposal distribution.

With the Q-function approximated using equation (3) and equation (4),
a series of conditional M-steps can then be performed to obtain updates
W+ The details of these updates are provided in Appendix A.2. For both
the interaction 7;, and main effect 3; terms, we approximate the penalty
in Definition 2.1 using the local linear approximation, thereby facilitating
the use of soft threshold operators to efficiently perform coordinate wise
optimization. Note predictions of the latent indices can be straightforwardly
obtained as part of the MCEM algorithm e.g., for the i-th observation, the
prediction E(uly, z, x*, \il) can be approximated by M~} 2%21 v"ul™ where
v" is discussed above.

It is important to discuss the challenges that would be involved, if we
were to also estimate the cutoffs as part of the M-step above, in contrast to
our proposed computationally efficient method of estimating them separately.
Since the proposal distribution in equation (4) is non-zero in precisely the
region defined by the cutoff estimates at iteration t of the MCEM algorithm,
it follows that these estimates maximize the Q-function equation (3) and
therefore étﬂ) = é§t) i.e., no update can be achieved directly using the
EM algorithm. This problem is a special case of a more general issue first
formalized by (Ruud, 1991), who showed that the EM algorithm does not
work if the support of the conditional distribution of the missing data depends
on parameters to be estimated. There are a number of possible ways to
overcome this issue. For example, we can reparameterize the model such
that cutoff parameters appear in other parts of the complete log-likelihood
instead of in the log indicator functions. Even for simple ordinal probit
models however, this approach is computationally burdensome as it involves
having to construct a vector of latent indices for each u;; itself. Another
approach to estimating the cutoffs is to sample from f(u;;) directly in the
E-step, or at least a distribution with a support not defined by the cutoffs.
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However, this is extremely inefficient since the cutoffs themselves will result in
a large proportion of Monte-Carlo samples of u;; contributing no weight to the
integration. In summary, estimating the cutoffs within the MCEM algorithm
presents a major bottleneck in the estimation procedure, and motivates us
to propose the above two-step estimation approach.

3.3. Tuning Parameter Selection

We choose the single tuning parameter in Definition 2.1 using the Ex-
tended Regularized Information Criterion (ERIC, Hui et al., 2015) devel-
oped originally for penalized regression modeling. With our specific data

A

and model structure, ERIC is defined as ERIC()\) = —24(¥) +

log (m—l){ LB A 0) 4+ X eney Lk # 0)}, where ¢(¥) is the un-
penalized marginal log-likelihood evaluated at the LoLI estimates, and the
model complexity is based on counting the number of estimated non-zero
main and interaction coefficients. Note the original definition of ERIC in-
cluded an additional parameter for tuning the severity of model complexity
penalization, but we choose to omit that here for simplicity.

ERIC features a dynamic model complexity penalty which depends on
the tuning parameter itself. This means the degree of penalization induced
by ERIC differs depending on how complex the model is already, as captured
by A. Smaller values of A lead to more aggressive shrinkage, and result in less
overfitting and sparser models. This contrasts with many other information
criteria that employ static complexity penalties and thus penalize a fixed
amount for every coefficient entered into the model (e.g., the AIC and BIC,
Zhang et al.,; 2010). The use of a more aggressive approach to shrinkage, as
promoted by ERIC, is particularly appropriate here given both the number of
interaction coefficients in LoLlI can still be quite large, and a-priori we believe
that the underlying model is sparse; see the discussion below equation (4).
Based on extensive simulations (not shown), we found that this aggressive
shrinkage enforced by ERIC leads to better overall selection performance
(as assessed based on the mean number of false positives and false negative
for the main and interaction effects, similar to the simulation study below)
compared to using, say, BIC to choose the tuning parameter for LoLl.

4. Simulation Study

We conducted two simulations to assess the relative performance of LoLl
(in conjunction with ERIC) in terms of estimation, variable selection, and
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prediction of the latent indices. Note that, while estimation consistency
of the two-step procedure can be established (meaning the estimates from
LoLI are asymptotically unbiased), it is also important to investigate the
finite sample bias and variability of these estimates. In the first setting each
ordinal predictor is associated with its own latent index, while in the second
setting each latent index is associated with a group of ordinal predictors.
For both simulation settings, we considered datasets of size n = 50, 100, 200,

and for each sample size simulated 500 datasets. We also performed simula-
tions at n = 400 and 800, and found similar trends to those discussed below
and present these in Appendix B. We assessed estimation performance based
on the mean squared errors (MSE), averaged across simulated datasets, of
the quantities ||& — a2, ]|8 — B||?, and || — ~||?, where (&7, 87,47)T de-
notes the estimates from a particular method and (a’,3",4")" denotes the
true parameter values. We assessed selection performance based on the mean
number of false positives (FP) and false negatives (FN) separately for main
B and interaction - effects. We also recorded the mean computation time (in
seconds) for each method, along with results for the MSE of the estimates of
the cutoffs. The latter are of secondary interest compared to the parameters
in the latent indices regression model, but nevertheless still present similar
trends to the MSE of these other parameters; we provide the results for these
in Appendix B.

4.1. Setting 1

We considered a true model with ¢ = 3 predictors which are not di-
mension reduced and p = 6 ordinal predictors. For the former, we gener-
ated the covariate vector z; by setting the first element equal to one rep-
resenting the intercept, and simulating the remaining two elements inde-
pendently from a standard normal distribution. We set the corresponding
true coefficient vector as a = (2,1, —1)T. Next, we generated a vector of
p = 6 latent indices u; from a multivariate standard normal distribution, set
B =(1,-1,0.5,0,0,0)", and set ;o = —0.5 and o3 = 0.4 while all remaining
interaction terms were set to zero. Hence only the first three latent indices
are truly informative and there are two pairwise interactions between these.
The mean p; was then constructed based on equation (1), and given this the
response was generated as y; ~ N (g, 1) ie., 0® = 1. Finally, we constructed
the ordinal six predictors based on the following set of cutoffs: Ly = Ly = 3
with & = & = (=1,1)", Ly = Ly = 4 with & = €&, = (—=1,0,1.25)", and
Ls = Lg =5 and & = & = (—1.5,—1,0.5,1.5)T. Afterward, we generated
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the ordinal predictors z;; as per equation (2). That is, we simulated the
vector (27, ..., Ty L],)T from a multinomial distribution with trial size 1 and

probabilities ]I(fj,l,l < < é:j’l);l =1,...,L;, and set z;; = lif z};, = 1. Fi-
nally, to obtain the “true” vector of cutoff parameters associated with LoLlI,
we set §; = éj —Ejl for j = 1,...,6 such that the first element of §; is always
equal to zero (which is required for parameter identifiability in LoLI). To
clarify, in analyzing the data we only have access to y;, z;, and x;. We also
conducted simulations with 02 = 4 and 16, reflecting a weaker signal-to-noise
ratio; results for these are presented in Appendix B, and exhibit similar con-
clusions to those below (except all methods performed worse compared with
when 02 = 1, as anticipated).

Since each ordinal predictor is associated with its own index, we com-
pared LoLI with three available methods: 1) a penalized likelihood method
using a hierarchical LASSO penalty via the hierNet package (Bien and Tib-
shirani, 2014), treating each ordinal predictor in @; as continuous and using
the default ten—fold cross validation to choose the tuning parameter. Note
that, in the same way we view LoLlI in conjunction with ERIC as a single
approach, we also view the hierarchical LASSO penalty in conjunction with
cross validation as a single approach, although we acknowledge that future
research and comparisons could explore choosing the tuning parameter in
LoLI via cross validation, and the general issue of tuning parameter selec-
tion for the hierarchical LASSO; 2) backward elimination from a saturated
model i.e., all main and pairwise interaction effects between the elements of
x; included, using BIC and treating each ordinal predictor in «; as continu-
ous; 3) backward elimination from a saturated model using BIC and setting
up dummy variables for each ordinal predictor in a;. All three alternative
methods respect the hierarchical nature of the covariates i.e., main effects can
only be removed from the model if all interaction effects involving it have
already been removed. We also included a “gold standard” method where we
treated the latent indices as if they were observed and performed backward
elimination from a saturated model using BIC. Two stage approaches were
not considered in this setting, since we cannot fit latent variable models when
each ordinal predictor corresponds to its own latent index.

Not surprisingly, LoLI performs substantially better than the alterna-
tive methods (Table 1), with its estimation and selection performance much
closer to the “gold standard” method compared to either treating the ordi-
nal predictors as either continuous or constructing dummy variables. LoLI
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Table 1: Simulation results for Setting 1 with 02 = 1, comparing LoLI, penalized like-
lihood using hierNet, backward elimination treating the ordinal predictors as continu-
ous (Backward-Cont), backward elimination treating the ordinal predictors as categorical
(Backward-Cat), backward elimination assuming the latent indices are assumed known
(Backward-True). In the results, FP/FN (8) refers to the mean number of false posi-
tives/mean number of false negatives for the estimates of 3, say. Results are not available
for Backward-Cat when n = 50, due to the inability to estimate the saturated model with
such a small sample size.

n Criterion LoLI hierNet Backward-Cont Backward-Cat Backward-True
MSE («) 0.160 0.381 129.81 - 0.098
MSE (8) 0.366 0.739 50.595 - 0.211

50 MSE (v) 0.336 0.385 3.820 - 0.250
FP/FN (8) 0.180/0.372 1.382/0.466 1.588/0.140 - 1.554/0.032
FP/FN (v) 0.080/1.460 0.688/1.640 1.862/1.222 - 1.892/0.558
MSE («) 0.069 0.152 37.35 621.306 0.034
MSE (83) 0.140 0.275 17.538 - 0.055

100 MSE (v) 0.209 0.307 1.233 - 0.088
FP/FN (8) 0.110/0.102 1.362/0.046 0.826,/0.050 2.202/0.138 0.758/0.002
FP/FN (v) 0.066/0.922 0.692/1.226 0.806/0.796 6.574/1.000 0.658/0.094
MSE () 0.034 0.053 17.217 10.050 0.015
MSE (8) 0.051 0.209 12.333 - 0.020

200 MSE (v) 0.071 0.187 0.762 - 0.003
FP/FN (8) 0.060/0.004 1.564/0 0.508/0 0/0.154 0.424/0
FP/FN (v) 0.052/0.222 0.776/0.518 0.436/0.224 0.002/1.576 0.360,/0.002

almost always had the lowest mean number of false positives (indicative of
overfitting) without any considerable increase in the mean number of false
negatives (indicative of underfitting). The discrete nature of the backward
elimination procedure led to poorer estimation performance compared to the
two “continuous” penalized likelihood methods (LoLI and hierNet), while
hierNet continued to overfit at large sample sizes relative to LoLI. In terms
of computation time (see Appendix B), LoLI was the slowest of the methods,
which was not surprising since none of the other methods attempt to recover
a latent index for each ordinal predictor (and thus leading to worse perfor-
mance compared to LoLI). Overall, this simulation provides strong evidence
of the benefit of LoLI in a scenario where each ordinal predictor results from
discretization of a continuous latent index.
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4.2. Setting 2

We considered a true model with ¢ = 4 predictors which are not to be
dimension reduced, and p = 10 ordinal predictors divided into G = 5 groups
and latent indices. For the former, we generated the covariate vector z; by
setting the first element equal to one and simulating the remaining three ele-
ments from a multivariate normal distribution with zero mean vector and an
AR1 correlation matrix such that Cov(zi,, 2) = 0.4 %l:r s =2,... ¢. We
set the corresponding true coefficient vector as a = (—1,1,—1,0)". Next, we
generated a vector of latent indices u; from a multivariate standard normal
distribution, set B = (1,0.5,0,0,1)", and set 715 = —0.8 while the remain-
ing nine interaction terms were set to zero. This implies the first, second,
and fifth latent indices are truly informative, and there is only one non-zero
pairwise interaction between the first and second indices. The mean p; was
then constructed as discussed in Section 2.1, and given this the response was
generated as y; ~ N(u;, 1) ie., 02 = 1. Again, we conducted simulations
with 02 = 4 and 16, and the results for these are presented in Appendix B
and exhibit similar trends to those below.

We constructed the ten ordinal predictors based on the following group-
iIlgSI ./41 = {1, 2, 3},./42 = {475},./43 = {6,7},./44 = {8,9},./45 = {10}
Note the fifth group contains one ordinal predictor. Furthermore, we consid-
ered the following set of cutoffs for the ten predictors: Ly = ... = L5 with
€ =(-1,0,2)T for j=1,2and §; = (—1,0,1.25)7 for j = 3,4,5, then Ls =
...=Lgp=5and § = (—1.5,—1,0.5,1.5)" and j = 6,...,10. For groups 1
to 4 where p, > 1, we set the slope parameter a; = 1. Based on these param-
eters, we generated the ordinal predictors x;; as in Section 2.1. Specifically,
we simulated (2}, ..., 27;,,) from a multinomial distribution with trial size
1 and probabilities given by {®(§;; — ajuig) — P(&ju—1 —ajuig) ;s 1=1,..., L;
for j =1,...,9 and by ]I(éj,l_l < iy < éj,,);l =1,...,L; for j =10, and set
z;; = L if x7; = 1. Finally, to obtain the “true” vector of cutoff parameters
associated with LoLI, we set §; = éj — fjl for j = 1,...,6 such that the first
element of &; is always equal to zero.

We compared LoLI with two commonly used two stage approaches: 1) a
factor analytic model assuming five factors is fitted to all 10 ordinal predictors
in the first stage, and then backward elimination using BIC is applied to a
linear model with the five predicted latent indices included at the second
stage (FA); 2) a graded response model assuming five factors is fitted in the
first stage, and then backward elimination using BIC is applied to a linear
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model with the four predicted latent indices included at the second stage
(GRM). We also included a “gold standard” method where the latent indices
are treated as observed and performed backward elimination from a saturated
model using BIC. In addition to point estimation and selection performance,
because all methods produced predictions of u;, we also assessed predictive
performance based on the MSE of the quantity, n™* 25:1 o (g — uig)?,
where 1;, and wu;, denotes the predicted and true latent indices respectively.

Compared to the two stage approaches, LoLI consistently had the low-
est mean squared errors for the estimates of 3 and « (Table 2). LoLI also
performed strongly in terms of estimating the coefficients for covariates that
were not dimension reduced, a, although the differences between the three
methods were small at larger sample sizes. The strong point estimation per-
formance of LoLlI is further reflected in its selection performance, where it
almost always had a smaller mean number of false positives and false nega-
tives for both the main and interaction effects. Both two stage approaches
had a comparably high number of false negatives even at larger sample sizes,
and a more detailed analysis suggested that these methods tended to erro-
neously shrink the fifth element of 3 (i.e., the latent index with only one
ordinal predictor in its group) as well as the single non-zero interaction effect
to zero. LoLlI also performed best with regards to predicting the latent indices
across all three sample sizes, reflecting the benefits of being able to borrow
strength from the response to better predict the latent indices. Finally, in
terms of computation time (see Appendix B) the two stage approach using
FA was the fastest, followed by LoLI, while the two stage approach using
GRM was by far the slowest.

5. Application to HILDA survey

We applied LoLI to the HILDA survey to understand the association be-
tween different aspects of an individual’s psychosocial job quality and their
mental health. We considered cross-sectional data from Wave 14 (correspond-
ing to observations collected in 2014) of the survey, and focused on a set of
n = 327 individuals who had a permanent job, no long-term health condition,
and a postgraduate degree as their highest education level attained. For the
response, we considered a composite mental health score which varies con-
tinuously from 0 to 100 with higher scores representing better mental health.
The score is derived from the mental component summary of the Short Form
36 (SF-36) questionnaire within the HILDA survey (see Butterworth et al.,
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Table 2: Simulation results for Setting 2 with ¢? = 1, comparing LoLI, a two stage
approach using a factor analytic model (FA), a two stage approach using a graded re-
sponse model (GRM), and backward elimination assuming the latent indices are assumed
known (Backward-True). In the results, FP/FN (3) refers to the mean number of false

positives/mean number of false negatives for the estimates of 3, say.

n Criterion LoLI FA GRM Backward-True
MSE () 0.664 0.728 0.849 0.164
MSE (8) 0.654 1.237 1.660 0.122

50 MSE (¥) 0.652 1.164 1.537 0.218
FP/FN (3) 0.372/0.814  0.900/1.01 0.993/1.272 0.780/0
FP/FN (v) 0.426/0.738 0.984/0.794 1.240/0.830 1.022/0
MSE (u;) 0.783 0.954 0.991 -
MSE («) 0.139 0.154 0.133 0.053
MSE (8) 0.253 1.134 1.808 0.039

100 MSE (v) 0.446 0.932 1.292 0.037
FP/FN (8) 0.292/0.176 0.706/0.658 0.732/1.096 0.434/0
FP/FN () 0.700/0.356 0.696/0.712 0.808/0.800 0.440/0
MSE (u;) 0.718 0.913 0.914 -
MSE (@) 0.041 0.041 0.047 0.025
MSE (8) 0.173 0.789 1.289 0.018

200 MSE (v) 0.264 0.577 0.878 0.014
FP/FN (8) 0.109/0.054 0.320/0.678 0.467/1.065 0.250/0
FP/FN () 0.091/0.200 0.348/0.674 0.483/0.787 0.243/0
MSE (u;) 0.716 0.893 0.875 -

2013, and references therein). Of the n = 327 individuals, the lowest mental
score was 4, while six individuals had the maximum possible mental health
score of 100. To remove the boundaries at 0 and 100, we chose to apply a
logit transformation, log{(y +4)/(100 — y + 4)}, where the minimum score
of 4 was added to ensure all transformed responses were finite (Warton and
Hui, 2011). A normal probability plot (not shown) suggested the transformed
mental health score was approximately normally distributed.

As covariates which are not dimension reduced i.e., z;, we included age in
years (standardized to have zero mean and unit variance) as a linear effect,
gender (0 for female; 1 for male), and marital status (0 for married, 1 for
otherwise). For the ordinal categorical predictors to be dimension reduced
i.e., «;, we considered p = 12 statements concerning workplace conditions,
to which each individual gives an ordinal score from 1 (strongly disagree) to
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7 (strongly agree). A table of the statements can be found in Appendix C.
Based on existing literature on the design of the statements (e.g., Butter-
worth et al., 2011), as well as exploratory analysis involving fitting graded
response models with various numbers of latent variables, we grouped the
p = 12 ordinal predictors into G = 5 groups reflecting different underlying
aspects of workplace quality: 1) degree of job demands/complexity/interest
(3 predictors); 2) degree of job control (3 predictors); 3) degree of job stress
and strain (2 predictors); 4) degree of job security (3 predictors); 5) effort-
reward unfairness (1 predictor). We refer the reader to Appendix C for these
groupings. We then applied LoLI based on these G = 5 groupings, allow-
ing for all ten pairwise interactions between the latent indices, and using
ERIC to select the tuning parameter. Analogously to simulation Setting
2 in Section 4.2, we compared LoLl to two alternative methods: 1) a two
stage method where a factor analytic model with five factors is fitted to all
12 predictors in the first stage, and then backward elimination using BIC is
applied to a linear model with the predicted factor scores included (FA), 2)
a two stage method where a graded response model with five latent variables
is fitted to all 12 predictors, and then backward elimination using BIC is
applied to a linear model with the predicted latent indices included (GRM).

Based on point estimates alone, all three approaches suggested that im-
proved mental health was associated with individuals who were older, male,
and married (Table 3). All three approaches also indicated that increased
job demands/complexity/interest improved mental health, while higher job
stress/strain had a strong detrimental impact on mental health. Only LoLI
and the two stage approach using GRM provided evidence of a non-zero effect
of increased job security on improved mental health, with a similar magnitude
of effect to that of increased job demands/complexity/interest. LoLlI further
indicated a positive interaction between job demands/complexity/interest
and job security. That is, the positive effect of both increased job interest
and increased job security on an individual’s mental health was greater than
each aspect acting on its own. We also considered scatterplot pairs of the
predicted latent indices, and provide the results and discussion for these in
Appendix C.

To assess the variability of these point estimates, we calculated estimates
of uncertainty for all three methods. For the two stage approaches using FA
and GRM, these were obtained based on standard errors calculated from the
linear model in the second model from the 1m function in R. Keep in mind
that these do not account for the uncertainty in the prediction of the latent
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Table 3: Estimated coefficients and residual variance based on: 1) LoLl, 2) a two stage
approach using a factor analytic model (FA) with five factors in the first stage, 3) a two
stage approach using a graded response model (GRM) with five factors in the first stage.
Coeflicients eliminated from the final model are denoted with a “.”, while uncertainty
estimates are shown for all parameters in parentheses.

Predictor LoLI FA GRM
Intercept 1.088 (0.068)  1.095 (0.068) 1.131 (0.069)
Age 0.065 (0.041)  0.058 (0.041)  0.045 (0.042)
Gender (male) 0.108 (0.089)  0.108 (0.083)  0.101 (0.083)
Martial Status (no) -0.148 (0.084) -0.126 (0.086) -0.163 (0.086)
B (job demands/complexity /interest) — 0.089 (0.039)  0.131 (0.046)  0.151 (0.036)
s (job control) . . .
B (job stress/strain) 20.258 (0.043) -0.264 (0.048) -0.247 (0.039)
B4 (job security) 0.085 (0.040)  0.115 (0.045)

s (effort-reward unfairness)

Y2 .

Y13 :

Y14 0.084 (0.032)

Y15 .

Vo3

Vo4

Yas

Y34

Y35

’3/45 . . .
o2 0.531 0.546 0.549

indices or the model selection uncertainty (to our knowledge, there are no
publicly available R packages that implement the two stage methods and ac-
count for either source of uncertainty). However for LoLl, it is not obvious
how to produce estimates of uncertainty for the non-zero estimates with the
two-step estimation approach. Therefore, we adopted an ad-hoc approach
and calculated an empirical information matrix based on the unpenalized
log-likelihood ¢(¥) in equation (2), where the cutoffs were held fixed at the
estimates obtained from the penalized fit i.e., as in Section 3.1, and all co-
efficients not selected by LoLI were set to zero. Put another way, we can
interpret these as uncertainty estimates for a type of “post-LoLI” unpenal-
ized maximum likelihood estimator. In detail, we calculated the information
matrix I(,) = n~' 320" (94:(0)/0%,)(90;(¥)/0®,)T, where ¥, denotes
the coefficients that were selected from LoLI and ¥ denotes the full vector
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of parameter estimates obtained from LoLI. We then constructed estimates
of uncertainty based on the the diagonal elements of I _1(@1). We recognize
that future research should explore other approaches to calculate informa-
tion matrices for LoLI, the related issue of developing uncertainty estimates
and confidence intervals when using an adaptive LASSO penalty in general
(Potscher and Schneider, 2009; Potscher and Leeb, 2009), as well as the more
general problem of post model selection inference, (although note this prob-
lem would apply to all three methods of selection here; see Lee et al., 2016).

Interestingly, all three methods showed no clear evidence that age, gen-
der, or marital status had substantial effects on mental health. On the other
hand, all three methods declared their respective selected main and interac-
tion effects of job quality as having substantive effects. In particular, LoLI
confirmed clear evidence of main effects of job demands/complexity /interest,

job stress/strain, and job security, as well as an important synergistic effect

of job demands/complexity/interest and job security.

6. Discussion

We have proposed a new approach called the LASSO on Latent Indices for
handling ordinal predictors in regression modeling, which jointly constructs
a latent index for each or for groups of ordinal predictors and models the
response directly as a function of these and their interactions. LoLI incorpo-
rates a LASSO type penalty to perform selection of the main and interaction
effects associated with the latent indices in a hierarchical manner. Simu-
lations show that, compared to dummy variables or two stage approaches,
LoLI, in conjunction with a more aggressive approach to choosing the tun-
ing parameter, produced more accurate predictions of the latent indices and
better selection of the associated coefficients. Applying LoLI to the HILDA
survey revealed the compounding effects of high job demands and job strain
on poor mental health, and a positive synergistic effect of high job security
and low job strain on improved mental health.

One way to view LoLlI is as a special type of (penalized) measurement
error type model (Carroll et al., 2006), where instead of an additive error
the true latent covariate is discretized into an ordinal predictor. While this
connection is not particularly useful in terms of its actual application, it nev-
ertheless offers an interesting insight into how the nature and implications of
the measurement error in LoLI is more complicated than that of the standard
measurement error model. We explore this idea in detail in Appendix D.

24



717

718

719

720

721

722

723

724

725

726

727

728

729

730

731

732

733

734

735

736

737

740

741

742

743

744

745

746

747

748

749

750

751

752

753

754

There are a multitude of ways in which LoLI can be extended and ex-
plored, with noteworthy ones being to constrain some of the cutoffs across
ordinal predictors to be the same if (for example) the same rating scale is
used for multiple predictors, how to handle cases of where some levels are
not observed at all for one or more ordinal predictors, assessing the robust-
ness of the LoLI approach to different sources of model misspecification, and,
along related lines, considering distributions aside from the normal for the
latent indices (although with such an extension the attractiveness of the trun-
cated multivariate normal distribution for importance sampling is possibly
diminished). A related extension would be to allow the latent indices to be
correlated (but perhaps still normally distributed), in which case the two-
step estimation procedure would still be possible except the multiple cutoffs
in the first step would be estimated simultaneously via a joint cumulative
probit regression (say); the penalty in LoLI may have to be altered though
to account for the possible collinearity between the latent indices. In addi-
tion, how to construct predictions using LoLI e.g., predict the response given
a set of covariates and ordinal predictors for a new individual, would be of
interest in further explorations. A simple approach may be to construct the
prediction based on the marginal log-likelihood function in equation (2), but
extended further to account for the uncertainty of the estimated parameters.
However, more sophisticated and efficient approaches may also be possible,
such as a hot-deck imputation type method based on matching the new set
of covariates to those in the existing dataset and then developing some sort
of weighted prediction for the latent indices from this.

The issue of high-dimensionality i.e., when the number of ordinal pre-
dictors p grows with sample size n, is also worthy of future theoretical and
empirical study. Finally, one important extension of LoLlI is data driven ap-
proaches to choosing both the groupings and the number of groupings (latent
indices). As proposed in this article, LoLI requires any groupings of the or-
dinal predictors to be defined a-priori, and for the motivating HILDA survey
there was considerable existing literature we could utilize to construct these
groups. To relax this, we could draw each ordinal response z;; from a finite
mixture of G multinomial distributions, where each component multinomial
distribution is associated with a different latent u;,. Alternatively, we may
not explicitly form groups at all but instead model all p ordinal predictors
against a set of G < p (possibly correlated) latent indices, and then use
penalties to select both G and the implicit groupings by shrinking elements
and/or entire columns of the relevant loading matrix to zero (Hui et al.,
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